An interesting connection between the Regge theory of scattering, the Veneziano amplitude, the Lee-Yang theorems in statistical mechanics and nonextensive Renyi entropy is addressed. In this scheme the standard entropy and the Renyi entropy appear to be different limits of a unique mathematical object. This framework sheds light on the physical origin of nonextensivity. A non trivial application to spin glass theory is shortly outlined.
Introduction
Quantum information theory is one of the hottest topic in physics because of its theoretical and phenomenological interest. One of the main tools needed to analyze the open problems in this fascinating field is the concept of entropy which, by the way, plays a key role in all theoretical as well as experimental fields. The standard point of view, which is able to describe a huge amount of observations, is the standard BGNS 1 entropy which is
where {p i } is a distribution of probability
From the above definition, the equilibrium thermodynamics (both classical and quantum) follows, as usual, by using well known constrained minimizations procedures. On the other hand, there is an increasing amount of data indicating that, in certain circumstances (such as multiparticles hadronic systems, fractional diffusion processes, multifractal systems, coding theory and cryptography, chaotic dynamical systems, quantum-informations uncertainty relations and so on; for an updated list of references see [18] ) a different notion of entropy is more suitable. In the above mentioned cases the nonextensive Renyi entropy [18] appears to be the right one.
Given a distribution of probability as in Eqs. (1) and (2), the Renyi entropy S b R of index b is defined as
It reduces to the BGNS entropy when b → 1.
Besides the Renyi entropy, also the nonextensive Tsallis entropy [21] is able to describe many phenomena (such as systems with long-range interactions) in which the standard extensive entropy seems to fail. For these reasons it would be important to shed more light on the conceptual relations between these different notions of entropy. In particular, it will be shown that the fact that the Renyi entropy (as well as the Tsallis entropy) approaches the standard one when a suitable parameter goes to 1 is not at all the end of the story. One of the main problems affecting these two notions of entropy is the following: even if many phenomena are very well described by nonextensive entropies, the index of nonextensivity changes from phenomenon to phenomenon. It is not clear the physical information hidden in the nonextensivity index and, therefore, it is not clear the mechanism which leads to such a "non universality". The main scope of the paper is to propose an interpretation of the nonextensivity index able to shed light on these questions.
Indeed, there is a very rich analytical structure connecting these different entropies which could provide many phenomena with a new understanding (such as the meaning of the parameter b present in the Renyi entropy of which, at a present time, it is available only a phenomenological interpretation as a parameter measuring the nonextensivity).
Quite surprisingly, the mathematical framework which underlies all these entropies is the Regge theory of scattering [16, 17] when applied to tree diagrams in string theory. To begin with, let us recall the expression of the Veneziano
where B is the Euler beta function, s, t and u are the Mandelstam variables, Γ is the Euler gamma function and c 1 , α ′ and N are constants. The beautiful analytical structure of the Veneziano amplitude, which is based on the Regge theory of scattering, describes quite well certain features of strong interactions and, eventually, it has been recognized his string-theoretical origin: it can be derived by computing the vacuum expectation value of four tachyonic operators on the disk. As far as the above themes are concerned, two limits are interesting: the Regge limit and the hard scattering limit.
The Regge limit is
the above Regge behavior is valid in all the complex s−plane as long as s is far away the real axis.
The hard scattering limit is
It is convenient to rescale the Mandelstam variables as follows
so that
In terms of the rescaled variable, the Regge and the hard scattering limits of the Veneziano amplitude respectively read
where c 2 , c 3 , c 4 and c 5 are constants and the index i goes from 1 to 3. In Eqs. (9) and (10) it has been taken into account that p 2 and p 3 are small with respect to p 1 and the index of the Renyi entropy is determined by
where, in this context, it is natural to interpret the constant N as a measure of the number of degrees of freedom of the system and, consequently, the limit N → ∞ as a thermodynamical limit. Thus, we have obtained the interesting result that the complex exponential of (minus) the Renyi entropy can be seen (once the probabilities p i are promoted to complex variables) as a "Regge-like" limit of the exponential of the Veneziano amplitude. In other words, (one over) the partition function (one gets 1/Z because in the exponent it appears minus the entropy) of a system characterized by a Renyi entropy can be seen as the "Regge-limit" of (one over) the partition function of a system characterized by the standard BGNS entropy in the hard scattering limit. This analysis also shows that the index of nonextensivity b of the Renyi entropy is related to the probabilities which, for some reasons, become negligible during the evolution.
To be more specific, the analytic continuation of the exponential of minus the standard entropy to complex values of the probabilities p i in the Regge limit gives the (complex version of the) exponential of minus the Renyi entropy with a nonextensive parameter which is connected to the small probabilities. In this picture, the nonextensivity seems to be related to states which, in principles, are available but at which, for dynamical reasons, the probabilities to arrive is negligible. One can look at this property also from a different perspective: the "statistical" hard scattering limit is completely symmetric in the probabilities so that crossing symmetry (which, in this statistical framework, is nothing but the invariance of the standard entropy under a permutation of the p i ) is explicit. On the contrary, the "statistical" Regge limit is not symmetric with respect to the probabilities (since some are negligible with respect to others): a breaking of the crossing symmetry leads, upon analytic continuation, to a nonextensive entropy in which there is a reduced invariance of the entropy under separate permutations of the large probabilities and of the small probabilities. Thus, in a sense, the cases in which, for dynamical reasons, the states (and, consequently, the related probabilities) are not equivalent 2 , nonextensive entropy should come into play (the present conclusion is supported by some already known results in the literature: see, for instance, [6] ).
It is worth to note here that, because of the power of holomorphy, the requirement of crossing symmetry of the Veneziano amplitude was (together with the Regge theory) crucial in deriving the explicit expression (4) and its hard scattering and Regge limits. Thus, the high energy physics analogy sug-gests that quite in general, once one promotes the probabilities to complex variables, the analytic continuation of the exponential of minus the standard entropy very likely is the (complex) exponential of minus the Renyi entropy (in which the complex probabilities are the ones with the largest moduli). Also the interpretation of the Regge poles is quite interesting. The Regge poles of the Veneziano model are located at
where n i is an integer. Consequently, the analytic continuation of the exponential of the standard entropy should have poles for negative probabilities (away from the "physical" real axis) when the moduli of (some of) the probabilities have a rational values (setting α ′ = 1).
The beautiful results of Lee and Yang [12, 13] are very useful in clarifying the physical meaning of the above analogy between Regge scattering theory and statistical mechanics. Lee and Yang argued that if one promotes the inverse temperature β and the magnetic field h to be complex variables (as well as other couplings with external fields which, in case, could be present) the zeros of the partition function in the complex β, h plane lie on lines in the complex planes far away from the real axis. The number of zeros increases with the size of the system and, in the thermodynamic limit they should form brunch cuts starting from the real axis. Hence, from the point of view of complex analysis in the complex β, h plane, phase transitions are related to pinching phenomena which prevent the analytic continuation 3 . It is then quite natural, instead to promote β and h to complex variables while keeping real the probabilities, to promote the probabilities (and, in case, other local fields) to be complex variables while keeping real the external parameters. In this case, the results of Lee and Yang can be restated by saying that the singularities of the free energy lie on lines in the complex probabilities plane which, in the thermodynamic limit, tend to form brunch cut emanating from the real axis. This is precisely what Eqs. (13) and (14) say: in the thermodynamic limit N → ∞ the poles of the Veneziano amplitude (which, as it has been already remarked, is the inverse of the analytic continuation of a standard partition function) cumulate forming brunch cut(s) emanating from the physical real axis.
The formal generalization of this relation in the cases in which the vector of probabilities is N-dimensional, is a relatively straightforward computation in string theory in which, instead of computing the vacuum expectation values on the disk of four tachyonic operators, one considers the case of N + 1 tachyonic operators. However, it is worth to stress that the generalization of the Veneziano amplitude was obtained before the emergence of its relation with string theory (see, for example, [5] ). In (the exponential of) the standard entropy
the probabilities can be thought as complex variables and the above exponential can be analytically continued in the spirit of Eq. (8) in which one identifies probabilities with rescaled Mandelstam variables. The result is a generalized Veneziano amplitude which, in the hard scattering limit, gives back the (exponential of minus the) standard entropy and in the Regge limit gives the Renyi behavior (a detailed description of the analytic structure of the generalized Veneziano amplitude can be found in [7] ; an analysis of the mathematical properties of the generalized Veneziano amplitude in a modern perspective can be found in [10] ). For instance, one can choose a k-dimensional subset {p 1 , .., p k } of the probabilities {p i } with respect to which to consider the Regge limit 4 :
In this case the Renyi behavior manifests itself as follows
where the notation S (k, n − k) stresses the fact that one is taking the Regge limit with respect to the first k probabilities, P i−k is the total probability to be in one of the "non negligible states" (that is, the states which have non negligible probabilities in the Regge limit), c 6 and c 7 are suitable constants and the nonextensivity parameter b is connected to the negligible probabilities
It is interesting to note that, as long as none of the probabilities is negligible with respct to the others, the entropy keeps its standard form while, when some probabilities are negligible, the nonextensive behavior manifests itself. The power of holomorphy together with the crossing symmetry strongly constraint the expected singularities in the complex probabilities plane. The above observations together with Regge theory could be useful to extend the Lee-Yang theorems.
The above method opens the possibility to study the analytic continuation from standard to Renyi entropy in the spirit of the Lee-Yang theorems [12, 13] .
For instance, in the mean field approach to spin-glass systems, the replica method works in the cases in which, at high enough temperatures, one can continue a suitable nonextensive free-energy (with respect to the nonextensive parameter) to obtain the standard free energy. However, the remarkable discovery of Parisi 5 [15] has been that, at low temperatures the procedure does not work (this is the so-called "replica symmetry breaking") because of the presence of many metastable states (only recently [8, 9, 19] it has been possible to prove rigorously that the Parisi solution is the right one to describe the mean field glassy phase). A very important quantity in spin glass theory (to provide an updated list of references is an hopeless task; for two detailed review, see [14, 2] ) is the TAP free energy (introduced in [20] ) f T AP
where m i is the mean value of the magnetization on the site i, J ij are the fluctuating spin couplings (it is usually assumed that they are Gaussian variables with the same mean and variance). In the framework of mean field theory, the TAP free energy provides a spin glass system above the glass transition with a detailed description; the TAP free energy f T AP , to work also below the transition, needs more refined arguments [14] . It is interesting to promote, as in the previous case, the variables m i to complex variables and to try to continue [3] shows that the interpretation of the standard BGNS entropic term in the TAP free energy as the hard scattering limit of a suitable string theoretical amplitude gives, in the Regge limit, an expression which bears a strong resemblance with the low temperature TAP free energy suitable to study the glassy phase. Thus, the hard scattering and Regge limits correspond to unbroken replica phase and replica symmetry breaking respectively. The non trivial benefit of this method is that, besides to clarify the physical origin of "nonextensivity", it could be easy to handle because of the huge amount of works (in which one could find explicit computations important for statistical mechanics) already available in string theory.
